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Abstract: We consider an ultrametric space with sufficiently many isometries and we 
construct a class of diffusion processes on the space as appropriate limits of discrete pro- 
cesses on the (open and closed) balls of the space. We show, using a version of the 
L@vy Khintchine formula adapted to this general context, that our construction i cludes 
all convolution semigroups associated to an unbounded L@vy measure. Finally we relate 
our construction to the construction of diffusion processes due to S. Albeverio and W. 
Karwowski on p-adic fields. 
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1 Introduction and preliminaries 
An ultrametric space is a metric space in which the distance satisfies the 
ultrametric inequality: 
d(x,y) < max[d(x,z),d(z,y)]. 
In other words a metric space is ultrametric if the relation 
d(x, y) < r, 
is an equivalence relation for every non negative real number r E ]~. The 
same, of course, is true of the relation d(x, y) < r, if the space is ultrametric. 
This means that diameter and radius of a metric ball are one and the same 
number, and that every element in the ball can play the role of the center. 
The ultrametric spaces considered in this paper I satisfy some additional 
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conditions. Denote by ~ an ultrametric space. We shall make the following 
assumptions on 9~: 
(i) :~ is nondiscrete and noncompact; 
(ii) every closed ball B(x, r) = {x E X : d(x, y) <_ r} is compact; 
(iii) the group of isometries of :~ acts transitively on the space. 
These assumptions imply that :~ is a noncompact, locally compact opo- 
logical space, and a complete metric space. They also imply that the distance 
d(x, y) takes its values in an infinite, strictly decreasing, double sequence of 
real numbers {rj : j E Z} and its limit point 0. From now on we consider only 
closed balls B(x, r) with r ranging over the possible values of the distance. 
Condition (ii) implies that a closed ball B(x, r~) of radius rj contains a 
finite number of open balls of the same radius. This number p(x, rj) > 1 
depends, in general, on x and r~. Condition (iii) implies that the number 
p(x, r~) of open balls of radius rj which are contained in the closed ball 
B(x, r~) does not depend on x. 
Thus to each possible nonzero value of the distance rj there corresponds 
a natural number pj, which is defined as the number of open balls of radius 
rj contained in a closed ball of the same radius. 
There is no loss in generality if we redefine the distance in such a way 
that: 
(iv) r0 = 1, and rj = pjrj+l. 
At this point we may define a Borel measure on :~, letting rj be the mea- 
sure of a closed ball of radius r~. Condition (iv) implies that the measure 
defined in this fashion is additive on the balls, and therefore it can be ex- 
tended in the usual fashion to a Borel measure m invariant under isometries. 
Local fields, that is locally compact nondiscrete, totally disconnected 
fields, are examples of ultrametric spaces satisfying the properties above. 
In the case of local fields, P5 = ~ is constant and is a power of a prime r j+ i  
number p. But the sequence p~ may very well be nonconstant or it may 
be a constant different from a power of a prime number. Thus there exist 
ultrametric spaces satisfying the properties (i) to (iv) which are not local 
fields. 
It is remarkable however, although not difficult to prove, that the metric 
conditions tated above are sufficient o imply that an ultrametric space may 
be given (in at least two non isomorphic fashions) the structure of a locally 
compact Abelian group, which may be identified with a group of isometries 
acting transitively on the space. This fact, which is shown in section 2, makes 
it possible to use the tools of Fourier analysis to study :~-valued random 
variables and processes. The invariance of the measure m defined above, 
under isometries of the space, identifies it as the Haar measure with respect 
to any of the group structure with which the space 9C may be endowed, under 
the assumption that translations of the group are isometries of the space. 
To an ultrametric space, satisfying the properties above, is canonically 
associated a tree, 7". The vertices of the tree are the closed balls B(x, rj), 
and the edges are the two elements ets {B(x, rj), B(x, rj+1)}. Observe that 
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B(x, rj+l) = {y:d(y,  x) < rj} is an open ball of radius rj. We can also say 
that two closed balls belong to the same edge if one is a maximal closed ball 
properly contained in the other. When ~ is a local field, the tree T turns 
out to be the Bruhat-Tits tree associated to the field [Fig£-Talamanca 1995]. 
Observe that there is a natural distance defined on the vertices of T. If B 
and B' are two distinct vertices, then there is a unique sequence of distinct 
vertices {B = B0,...  B~ = B'} such that B~ and B~+I belong to the same 
edge. The positive integer n is then the distance between B and Bq We 
denote the distance of two vertices with 5(B, B~), reserving the notation d to 
the distance on the ultrametric space :~. 
We introduce now, with formal definitions, a few technical terms pertinent 
to the trees, which shall be used in the special context of this paper. All these 
definitions originate in [Cartier 1972]. The special case of a homogeneous 
tree, that is a tree in which every vertex belongs to the same number of 
edges, is amply treated in [Fig~.-Talamanca and Nebbia 1991]. 
Def init ion 1 An (infinite) geodesic in T is a sequence of distinct vertices 
(closed balls) {B1,. . . Bn, . . . } such that Bj and Bj+I belong to the same edge. 
Two geodesics are said to be equivalent if they differ only for a finite number 
of terms. 
Definit ion 2 The boundary of the tree :Y is defined as the set of equivalence 
classes of geodesics. 
We observe that there is only one equivalence class containing an ascend- 
ing geodesic, that is a geodesic such that B~ C B~+I, for all j. We denote 
this special element of the boundary with the symbol co. Every geodesic 
not belonging to this equivalence class consists, eventually, of a descending 
chain of closed balls. The intersection of this descending chain is an element 
of :~. This means that every other point of the boundary of 7" corresponds 
to an element of X, which is identified as the l imsupBj, where Bj is any 
geodesic belonging to the equivalence class corresponding to the point of the 
boundary. This identification allows to write the boundary of 7- as :EU {co}. 
We introduce now an equivalence relation among the vertices of T, that 
is among the closed balls of the ultrametric space ~. Let BI and /32 be 
two closed balls. Let B be the closed ball of smallest radius which contains 
them both. Then  BI and B2 are said to be equivalent if they have the same 
distance on the tree from the vertex B, that is if 5(B, Ba) = 5(B, B2). 
Definit ion 3 . The horocycles of T with respect to the point co are the 
equivalence classes of the equivalence relation defined above 
We should observe that the definition above is exactly the definition of 
horocycle of a locally finite, infinite tree, with respect o a given point of the 
boundary, which was originally given by P. Cartier [Cartier 1972]. On the 
other handl in our context, the horocycles with respect to co axe nothing but 
the sets of balls of equal radius. Indeed two balls have the same distance 
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on the tree T from the smallest ball which contains both if and only if they 
have the same radius. 
An important ool in this context are the so called spherical functions 
as introduced in [Fig£-Talamanca 2001], [Fig~-Talamanca 1993] for compact 
ultrametric spaces, but which may be easily extended to the case of a locally 
compact space satisfying the conditions above, as it will be presently shown. 
We refer to [[Lang 1975], Chapter 4] for a general treatment of spherical func- 
tions in the context of locally compact groups. Our hypothesis imply that 
the group ~5 of isometries of 9~, which may be identified with the group of au- 
tomorphisms of T, which leave invariant he horocycles, is doubly transitive 
on :~. If we choose a point x0 E ~, we can consider the compact subgroup K
of the isometries which fix the point x0. The space Co(K\~/K)  of compactly 
supported bi-K-invariant functions on ~ may be identified with the space 
of functions on :~ which depend only on the distance from x0. This space is 
a commutative algebra under convolution (inherited from ~) [[Lang 1975], 
Chapter 4]. 
Def in i t ion  4 The multiplicative linear functionals on the commutative alge- 
bra Co(K\ q3/ K), viewed as functions on 9~, are called spherical functions. 
Spherical functions may be computed as in [Fig£-Talamanca 2001] and 
[Fig£-Talamanca 1993]. They turn out to be the function identically one and, 
for j C Z, the functions: 
Def in i t ion  5 
is: 
1 if d(x0,x) < r# 
a if d(x0, x) = r#-i = 1-p j _ l  
0 if d(x0, x) > r#-a 
(1) 
The spherical transform of a finite Borel measure it defined on 
f 
(#' CJ) =/x  ¢# (x)d#(x). (2) 
Observe that if # and u are finite positive Borel measures, which are 
invariant under the action of K, then (# * u, ¢#) = (#, ¢#)(u, ¢/). Indeed 
the hypothesis imply that # and u are absolutely continuous with respect o 
m and that their density is continuous and constant on the sets Uk = {x : 
d(x, Xo) = rk}. Therefore this multiplicative property follows directly from 
the definition of spherical functions for compactly supported measures, and 
extends by approximation to all finite measures invariant under the action 
of K. 
One should notice that spherical functions may be defined starting from 
the characters of any Abelian group G of isometries, closed in the full group 
~5, which is faithful and transitive on :~. If 7 is a non trivial character of G, 
let j C Z be the smallest integer such that 7 is constantly one on the ball 
B#(xo) = B(xo,r#) = {x : d(xo, x) < r#}. It is not difficult to prove that 
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¢~ is nothing but the mean value (with respect o the measure m) of 7 on 
the sets Uk = (x : d(xo, x) = rk}. In other words, if K, as above, is the 
compact group of isometries which leave x0 fixed, and dk is its normalized 
Haar measure, 
¢~(x) =/K  7(kx)dk. (3) 
This implies that if # depends only on the distance d(xo, x), or, in other 
words, if it is uniformly (with respect o m) distributed on the subsets Uj -- 
{x : d(xo, x) = r~}, then it is completely defined by its spherical transform. 
These remarks, allow us to state and prove, in Section 2 a form of the 
L~vy Khintchine formula, involving spherical functions, for convolution semi- 
groups of probability measures itt, with t > 0, under the hypothesis that the 
measures #t depend only on the distance d(x0, x). The formula is easily de- 
rived from the usual L~vy Khintchine formula valid for :~, viewed as a locally 
compact Abelian group and the characterization above of spherical functions. 
Our approach to the problem of diffusion on ultrametric spaces follows 
the point of view of [Fig~-Talamanca 2001] and [Fig~-Talamanca 1993] and 
(for local fields) [Baldi et al. 2001]. According to this approach the diffusion 
process is obtained starting with a discrete process on the (discrete) space of 
balls of a given radius, which, as shown above, is identified with a horocycle 
of the tree with respect o c~. This process, in turn, is defined in terms 
of the hitting distribution of a nearest neighbor process on the vertices of 
the tree itself. We believe that this approach as an intuitive content re- 
lated to the geometry of the space: a particle (or a bug, as exemplified in 
[Fig£-Talamanca 2001]) in order to move from one ball of a given radius to 
a (more or less distant) ball of the same radius must move up to a larger 
ball which contains both. It does so by moving up to balls of larger and 
larger radius, with given probability, or moving down to a different ball of 
smaller adius, with complementary probabilities. This is exactly what the 
process on the tree attempts to describe. In other words the process on the 
tree accounts for, in terms of probabilities, the relative difficulty of piercing 
a containing ball to move up, or of piercing a smaller ball to converge to a 
given point. 
Despite the similarity of the approach, several results in this paper are new 
with respect o the contents of [Baldi et al. 2001], [Fig£-Talamanca 1993] 
and [Fig~-Talamanca 2001]. In the first place, although we limit ourselves 
to the case of processes which depend only on the distance, we do not as- 
sume that the probability of "moving to a larger ball" is always the same. 
In this fashion we define much more general processes. In terms of the 
L~vy Khintchine formula (5) below, we obtain all processes which are de- 
scribed by semigroups #t for which the L~vy measure F is infinite on the 
full space :~. By contrast [Baldi et ai. 2001] only obtain Markov processes 
on a local field associated to a semigroup #t of probability measures with 
characteristic function of the type e -tlxl~. These latter processes do not 
even exhaust all processes associated to "rotation invariant" stable vari- 
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ables as defined by A.N. Kochubei [Kochubei 1998]. We also relate our re- 
sults and methods to the better known approach to diffusion on local fields 
due to S. Albeverio and W. Karwowski, [Albeverio and Karwowski 1991], 
[Albeverio and Karwowski 1994], [Albeverio et al. 1999]. In the latter ap- 
proach one starts with a discrete process defined on the space of balls of given 
radius (a horocycle of the tree, with our terminology), but the discrete pro- 
cess is obtained integrating Kolmogorov's equations. As a result one obtains 
all "rotation invariant" Markov processes on local fields [[Kochubei 2001], 
pages 212-218]. We are able to replicate the construction of Albeverio and 
Karwowski n our general context, exploiting the fact that our conditions on 
the space 3¢ imply that 3¢ is a locally compact Abelian group. 
We now review the contents of the paper. In Section 2 we show that 3E may 
be given the structure of a locally compact Abelian group and we determine 
its dual group 2. Accordingly we state the L~vy-Khintchine formula in this 
context, for a Markov process with independent increments. In Section 3 
we carry out the construction of diffusion processes starting from a process 
defined on the vertices of the tree T associated to 3¢ and we show that the 
processes thus obtained are exactly the rotation invariant Markov processes 
with independent increments associated to an unbounded L6vy measure. Our 
discussion, for the special case in which the ultrametric space X is a local 
field, leads to the characterization f rotation invariant processes which are 
stable (in the sense of Kochubei). Finally we remark that the construction of 
Albeverio and Karwowski may be carried out in this general context hrough 
a modification of Kolmogorov's equations which takes into account he fact 
that the sequence p,~ is not constant. 
2 The  u l t rametr i c  space as an Abel ian group and the spherical  
Le,~y Kh intch ine  fo rmula  
Let 3¢ be an ultrametric space satisfying conditions (i) to (iv). We shall 
exhibit two different Abelian subgroups of the group of isometries ~5 of :~. 
Both subgroups act transitively and faithfully (that is with no fixed point) 
on 3E. This means that they may be identified with 3¢. In other words 3¢ may 
be given the structure of a locally compact Abelian group. 
The first example is a group G with no torsion which corresponds to 
the group ~(a) described in [[Hewitt and Ross 1963], §10], where the double 
sequence a coincides with the sequence {Pn : n E Z}. 
To be explicit we consider the set ,4 of all sequences {xn : n E 2~} such 
that 
1. 0<x~<p~;  
2. There exists no such that x,  = 0 for n < no. 
If 0 is the sequence identically zero define for every x E A, 0 + x = 
x + 0 = x. If x, y e ,4, x = {x,} and y = {Yn}, denote by no = min{n : 
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xn ~0oryn  ~0}.  Letx+y = z, w i thz  = {z~} where the entriesz~ E
(0, 1 , . . . ,  p~ - 1} and numbers t~ E N are defined inductively through the 
assumption that zn = tn = 0 for n < no and the relation x~ + Yn + tn-1 = 
t~p~ + z~ for n _ no. 
As proved in [Hewitt and Ross 1963] this operation defines an Abelian 
group. 
A metric on A is defined by d(x, y) = rm, where m is the least index such 
that xm ~ y~. 
This definition makes of .4 an ultrametric space satisfying conditions (i) 
to (iv). The sequences {rj} and {pj} are the same as the corresponding 
sequences of 36. This means that .4 and 36 are isometric: elements of .4 and 
36 being identified by a descending sequence of closed balls. 
An easier examples is provided by choosing a double sequence {G~} of 
finite Abelian groups of order pn. We let B be the set of double sequences 
x = {x~ : n e Z} such that 
1. x~ ~ G~; 
2. There exists no such that x ,  = 0 6 G~ for n < no. 
We consider on/3 the group structure deriving by 
B = prjlim injlim 12I Gk 
n--*+oo m- -* -oo  k=m 
The group B is an ultrametric space with the distance defined as above 
dist(x, y) = r,~, where m is the least index such that xm # y,~. 
Just as in the previous case one shows that B is isometric to 36. 
We observe that if pn = p is constant .4 may be given the structure 
of a topological ring and if pn = p = ph is a power of a prime num- 
ber .4 is actually a field and an algebraic extension of p -ad ic  numbers Qp 
[[Hewitt and Ross 1963], Theorem (10.10), page 112]. 
As for B, if Pn = P one may choose G~ = G to be a finite ring and obtain 
a ring structure for B. The product xy  in this case should be defined by 
+~ ph Z = xy  where z = {zn} and z~ = Y]k=-~ xkyn-k. If p~ = p = is a prime 
power we can let G~ = K be a finite field of characteristic p. 
We now proceed to the characterization f the dual groups. 
For the group .4 we refer to [[Hewitt and Ross 1963], §25] where it is 
proved that the dual group of .4 is a group of the same type whose sequence 
{/5~} is defined by f3n = p_~. 
The same is true for the group B. Using the properties that prjlim and 
injlim are mutually dual and that finite Abelian groups are self dual, we have 
/i fI B ~ injlim prjlim ~ ------- prjlim injlim G-k 
n--*-I-c~ rn-.*--oo k=m m--.*+c~ n-...*-cx~ k=n 
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Both ,4 and B can be viewed as Abelian subgroups of the full group of 
isometries of ~ .  
We may use now the results on infinitely divisible distributions on Abelian 
group [[Parthasarathy 1967], Chapter IV] to define and characterize Markov 
processes with independent increments on X .  
On a general commutative, locally compact, metric group G these pro- 
cesses are associated to semigroups of probability measures (#~} with charac- 
teristic functions given by the L~vy-Khintchine formula [Parthasarathy 1967]. 
For totally disconnected groups this formula simplifies to 
ftt(~)= <#t,X~) =exp { t ffc(X,(x)- l) dF(x) } , (4) 
where F is a Borel measure finite over the complement ofevery neighborhood 
of identity. 
For the ultrametric spaces considered in this paper this leads to the fol- 
lowing result. 
Theorem 1 Let ~ be an ultrametric space satisfying the conditions (i) to 
(iv) stated in the introduction. Let ~ be endowed with the structure of a 
locally compact Abelian group, acting isometrically by translation. Let 0 be 
the neutral element of the group and let K be the group of isometries which 
leave 0 fixed. Let #t, for t > 0 be a semigroup of K-invariant probability 
measures on ~. Suppose that #t+~ = #t * #~, the convolution being defined 
with respect o the locally compact, Abelian group, X , or, equivalently, as 
the restriction to the bi-K-invariant measures, of the convolution as defined 
for measures on the full group of isometries of X . Suppose further that 
limt_~0+ #t = 5o. Then there exists a K-invariant nonnegative measure F on 
~, which, for each k, is finite on the complement cB(O, rk), of B(O, rk) = 
{x ---- d(0, rk) <_ rk}, and such that 
(¢j, #~> = exp [-t ~ (1-  ¢j(x) )dF(x) ] . (5) 
PROOF. Observe that 1 - ¢7 is zero on B(0, r~) and therefore the integral in 
(5) is always well defined. The formula (5) follows from the corresponding 
formula (4) for Abelian locally compact groups. We first integrate (4) with 
respect o the Haar measure of K: 
/KI#t, Xk, ldk = fKexp {t f (xk~(x) -- l)dF(x)} dk" 
We observe now that F is invariant under the action of K, and that 
Cj(x) =/g  Xk~(x)dk, 
where j is the smallest integer such that X~ is constant on the ball Bj = {x : 
d(x, 0) < rj}. Therefore it is sufficient o invert the order of the integration 
to obtain the desired result. 
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3 Const ruct ion  of  the  process  
As anticipated in the introduction, the system of balls of ~, ordered by 
inclusion, or, more properly, the tree T allows an intuitive definition of what 
a diffusion process hould be on an ultrametric space. Let's suppose that a 
bug starts from a given point of ~£. This point is inside a nested chain of 
balls of decreasing radius. It seems reasonable to suppose that for the bug to 
move to another point it should move up the chain of balls at least up to the 
first ball, containing the starting point together with the point which should 
be reached. Once this larger ball is reached the bug may go down another 
chain to reach the desired point. 
This intuitive description suggests that we define a diffusion process tart- 
ing from a discretization of :~. A natural discretization is provided by the 
discrete space 7/k consisting of balls of the same radius rk. The discrete space 
7-/k is naturally an ultrametric space, indeed it is the ultrametric space ob- 
tained as a quotient of X with respect o the equivalence r lation d(x, y) < rk. 
It should be observed that 7-/k, with the terminology introduced in Section 
1 is nothing but the k-th horocycle of T with respect o the boundary point 
C~.  
We shall define a discrete Markov process on 7-/k, which for k -* c~ and 
rk --~ 0, will lead, through a rescaling of time to a Markov process on X. 
We fix a starting point x0 E ~, and we consider the doubly infinite 
geodesic {B~ : i • Z} consisting of all the balls B~ = B(xo, r~) = {x : 
d(xo,x) < ri},containing the point x0. The geodesic is indexed in such a 
way that B~+I C B~. We divide now the tree T into disjoint subtrees T~. 
The vertices of ~-i are are the ball Bi and all the balls which are contained 
in Bi but not in Bi+l. We observe that the trees ~-i, or more properly, their 
sets of vertices, are disjoint, and every vertex of T is a vertex of one and 
only one tree ~-i. Finally we choose real numbers 0 < ~i _< 1 for i • Z, with 
the property that the products (0 (1  • • • (n  and ( -1  . .  • ( - -n  converge to zero as 
n ~ c~. The sequence of non negative real numbers as, defined by letting 
a0 = 1, and ai+l(i = ai, may be introduced here for convenience. But the 
constants an will turn out to be relevant in the definition of the L~vy measure 
of the process which will be ultimately defined on :~. 
We define now a process on the vertices of T as follows. First of all we 
stipulate that P(B ,  B ~) = 0 if B and B r do not constitute an edge. We 
assume then that B • 7"i, and define P(B ,  B') = 0 if B = Bi and B ~ = Bi+l 
(this means that it is not possible to go down on the geodesic {Bi}); further 
we let P(B ,  B ~) = -~ if B • ~-i and B ~ is a neighbor of B which contains 
1+~i  
it. Finally if B • ri and B' is contained in B we distinguish two cases: if 
B = Bi, and B' ¢ Bi+l, then P(B ,B ' )  - 1 1 p~--1 ~-g~,, if on the other hand 
B 7 ~ Bi, B • 7-[k, with k > i, and B' is a neighbor contained in B, then 
1 1 With these definition, the probability of moving from P(B ,  B') = ok 1+¢~" 
a vertex belonging to r~ to a vertex just below it, is the same for all the 
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admissible vertices, (which are the neighbors of the vertices in ri with the 
exception of the vertex {Bi+I}). This probability is thus invariant under 
all tree automorphism which fix the double geodesic {Bi}. In other words, 
starting from a vertex of ri, which belongs to the horocycle ?-/k, with k _> i, 
the probability of moving "up" to the horocycle 7"/k-1 is always - -~ and 
1+~i '
the probability of moving "down" to the horocycle 7-/k+1 is 1 1-~-~" We observe 
P(B, B') is defined for every pair of vertices (B, B'), because T is the disjoint 
union of the subtrees ri. 
Suppose now that B is a vertex of Ti, and that B E T/k, with k _> i. We 
shall prove that the probability that, starting from B, the horocycle 7-/k-1 is 
visited at least once, is exactly ~i. Denote this probability by ~?ik. We prove 
first that rlik is independent of k. We observe that every path according to 
the process P which starts in B and move outside r~ visits the horocycle 7-/k-1 
before going outside ri. This means that the probability of visiting 7-/k-1 is 
the same if this event is conditioned to the event hat the process P remains 
within the subtree ri, before reaching ~k-> But within the subtree ~ik - ~i 
does not depend on k, and indeed 
¢~ 1 2 
7,= 1 + 1-7g  . 
From this equations one obtains r/i = ~'i. We have proved in particular that 
~i is the probability of visiting at least once the horocycle 7-/i-1 starting from 
a ball of ri which belongs to the horocycle 7-/~. This is the result we shall use 
in what follows. 
Let 7-/n be a fixed horocycle. Define a function An on the vertices (balls) 
of T/n by letting An(B) be the probability that the process P, starting from 
the vertex B,~-I ends up definitely in the ball B. Observe that An(Bn) = 0, 
and that An(B) depends only on the distance of B from Bn. The function A,, 
may be interpreted as a measure on :~, defined on the cr - algebra generated 
by the balls belonging to the horocycle 7-/n. Thus it makes ense to compute 
= 1 -  n-1 . . .  C , -m,  
¢~-~... ¢~-m representing the probability of moving out, at least once from 
the ball B,~_,~. In our notation ~n-k = %-~.  Therefore 
an-k+l 
~n--1 . . .  ~n--m - -  an -1  an--2 an-m 
an an--1 an-- m + l 
simplifies as ~"-'~ It follows that 
an " 
an 
This last formula is also valid for m = 0. The invariance of An under 
rotation means that A~ as a measure is uniformly distributed on the sets 
U,-m -- Bn-m \ Bn-m+x. Therefore it is sufficient o compute, for m > 0, 
= - -  = - -  bn-  
an an 
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where the non negative numbers bn are defined by ah+l = ah + bh. 
We procede now to compute the spherical transform (An, ¢h}. Observe 
that the transform is zero if h > n, because in this case the spherical function 
¢h, has mean zero on the balls of the horocycle ~.  If h < n, we can write 
n = h + m, with m > 0. It follows that: 
1 
(A,~,¢n-,n} = An(B~-m) Ph-~ - 1 An(U'-'n-') = 
1 an-m 1 bn-m-1 1 1 ( 1 lbh_i) 
= - -  - -  ah  q 
an  Ph-1  - -  1 an  an  Ph-1  - -  
We conclude that for n _> h, 
(An,¢h} 1 1 / 1 ) = - - - -  ah+ bh-1  • a~ ph-1 --1 
The measure Am defines a process on the horocycle 7-/n. If B E ?-/~, we 
interpret A~(B) as the probability of reaching the ball B in one step, starting 
from the ball Bn which contains x0. The convolution powers An *k, computed 
on B represent the probability of reaching B in k steps. It is clear that the 
probability An(B) depends heavily on the distance of B from B~ in the tree 
T. But as n increases the ratio between the distance on the tree and the 
distance on the ultrametric space ?-/n, becomes larger and larger. This means 
that we are led to increase the number of steps, according to the process An 
to cover the same distance. In other words, before taking a limit for n ~ ~,  
we must allow sufficiently many powers of An. Let t > 0 be a real number, 
and let [tam] be the integral part of tam. We consider the convolution powers 
A *[t~] , and we compute the spherical transform: 
an Ph - 1 - 1 bh -  1 • 
Taking the limit for n ~ c~ one obtains 
We let/h be the probability measure, invariant under the action of the group 
K of the isometries which fix x0, which satisfies 
(#t,¢h}----exp{--t(ah+ Ph-lbh--~l)}'-- 
The semigroup of measures #t describes the sought for diffusion process on 
the ultrametric space :~. 
We prove now that the spherical L~vy Khintchine formula for the proba- 
bility measures #t is 
(ttt, ¢n /=exp{t~(¢~(x) - l )dF (x )} ,  
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where F is the measure, uniformly distributed on the sets Un = Bn \ Bn+l, 
defined by the requirement that F(CBn) = an. Indeed 
f (¢n(x )  - 1)dF(x) = -F(CBn_l) Pn-1 F(Un-1) -= 
Pn-1 1 
__  _ P , * -  I Pn-1 (an-  an-l) =-a ,~- i  - -bn -1  = 
= -an-1 Pn-1 - 1 Pn -1  - 1 
=-a~+bn-1  pn_ - l  l bn_l = __ (an + b~-i ) 
Pn-1  - -  Pn-1 --  1 
It follows that 
<#t, Cn> = exp {t J x (¢n(x ) - l )dF (x )}= exp { - t  (an+ pnb~-- l l )} .  
We are now in the position to examine the process defined above, in 
general terms starting from the L~vy measure F. As before the sequence 
{Bn : n E Z}, denotes the sequence of balls of radius rn, centered at Xo. This 
sequence is the geodesic in the tree T, going from the boundary point oo, to 
the boundary point x0. We are then able to summarize the results proved in 
this section, as follows: 
Theorem 2 Let 2~ be a locally compact ultrametric space satisfying the prop- 
erties (i) to (iii) stated in the introduction. Let Xo be a point of 2~ , and let K 
be the group of isometries which fix Xo. Let #t be a semigroup of probability 
measures, invariant under the action of K, satisfying #s * #~ = P~+t, and 
limt_0 #t = 5o. Let F be the K-invariant Ldvy measure such that 
[ 1 
Suppose that F is unbounded, and that consequently an = F(CB,~) ~ ~.  
Then there exists a nearest neighbor Markov process P on the vertices of the 
tree T associated to 2~, such that 
#t = l im ~*[ tan J ,  
n----* oo  
where )~n is the probability measure on ~ , associated to the nonnegative 
function )~n on the horocycle 7-in, defined as the probability that the process 
P, starting from the vertex Bn-1 ends up definitely in the ball B E 7-in. 
A very special case occurs occurs when a'~ is independent of n. This 
an+l 
corresponds in the above construction to the case in which ~j = # is constant. 
This is in fact the case considered in [Baldi et al. 2001]. In the latter paper 
the space 3E was supposed to be a local field ~q, in other words it was assumed 
that pj = q be constantly equal to a power of a prime number q = ph. In 
this case one could set ~ = q-~, with a > 0, and conclude that: 
/~(~) = e-~l~l° ,  
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where I-I denotes the norm in the local field ~q. Distributions #t with char- 
acteristic functions e -tl~i~ are distributions of c~-stable random variables, ac- 
cording to the following definition, which is adapted from [Kochubei 1998] 
[[Kochubei 2001], page 231]. 
Def init ion 6 Let Y be a random variable with values in a local field ~q. 
If, for every u E ~q, with lul = 1, the random variable uY has the same 
distribution as Y, then Y is called rotation invariant. A rotation invariant 
random variable Y is called a-stable if it is the limit of a sequence 
p~(X1 +.. .  XLq.°j), 
where X1, . . .  X~, . . .  are independent identically distributed rotation invari- 
ant random variables with values in ~q, p is an element of q~q of norm q-l, 
and Lq na] is the integral part of qna. 
That a random variable with characteristic function e -tIll" is a-stable 
is proved in [Kochubei 1998] and actually follows from the construction in 
[Baldi et al. 2001]. 
A consequence of a characterization due to Kochubei [[Kochubei 2001], 
Theorem 5.11] is that the distribution of a rotation invariant random variable 
is a-stable if and only if L@vy measure satisfies the following condition: 
There exists a positive integer N such that for every n E Z 
F(CB,+N) = qU'~F(CB,O. 
In terms of the sequences (an} and ((~), this equation can be written as 
an 
- -  ~n " " " ~n+N-1  -~- qNa.  
an  + N 
This condition holds if and only if {~} is periodic. 
It follows that the distributions #t of the process constructed above are 
a-stable, for some a > 0, if and only if the sequence ((~} is periodic. 
A special case not considered up to now, is the case in which the process 
remains confined in a compact subset of ft. This hypothesis i  excluded by 
the condition 0 < (i, for all i E Z. We now suppose only that (i > 0 for 
n > no, and that ~o = 0. Without loss of generality we may assume that 
no = -1.  If we define, a0 = 1 and ai+l~i = ai, for i > 0, then ai = 0 
for i < 0. Repeating the construction as above, we obtain semigroups #t 
the L@vy measures of which are supported in a compact set. The case in 
which the space 5~ is itself compact may be dealt with in this fashion. A 
very special case occurs when the space is compact and ~ is constant for 
i > 0. This very special case was considered in [Fig~-Talamanca 2001] and 
[Fig~-Talamanca 1993]. 
Finally, we remark again that there exist stationary Markov processes on 
3~ which depend only on the distance, but for which our construction fails. 
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They are the processes described by a semigroup #t of probability measures 
associated to a bounded rotation invariant L@vy measure F. 
Remark:  Albeverio and Karwowski n [Albeverio and Karwowski 1991] 
construct Markov processes on a local field, using Kolmogorov's equations to 
define time continous discrete processes on the space of balls of a given radius 
(a horocycle ~'~N in our terminology). The processes thus constructed amount 
to all Markov processes which depends only on the distance, in other words 
to all Markov processes associated to a rotation invariant L@vy measure. 
It's not difficult o see that Albeverio and Karwowski's construction may 
be carried on in the context of a locally compact ultrametric space satis- 
fying the conditions described in the introductory section. We start as in 
[Albeverio and Karwowski 1991] with a non-decreasing double sequence {an} 
such that lim~_~_~¢ aN= 0. It is sufficient then to mimick Albeverio and Kar- 
wowski's construction replacing their function u(N, m) with the function 
1 
u(N,m) = 
PN- ,PN-2""  ' pN- (m- i ) (PN-m -- 1) U(N 
m),  
where the function U is defined as in [Albeverio and Karwowski 1991]. 
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